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Dynamic analysis of crank mechanism is realised by relaxation method, where a connecting rod is modelled with
three manners. In the first case the connecting rod is modelled as a rigid body, in the second case this one is
modelled with two mass points and in the third case the connecting rod is modelled with three mass points. Results

of all manners of modelling are compared and evaluated.
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1 Introduction

Dynamic analysis of particular engine plant takes
place on dynamic model of the system, which provides
all needed force, weight and kinematics parameters for
solution. Mathematical model consists of motion equati-
ons built-up for every body of the solved system. Solution
of motion equations provides the wanted quantities which
can be needed force actions for the given motion of the
system, or kinematics quantities of individual bodies for
the given force actions. Analysis of given mechanical sys-
tem presents all desired variables from known introdu-
ctive quantities. The dynamical analysis of the given me-
chanical system can be realised with different methods,
e.g. by the relaxation method, used e.g. in [7] and [8],
gearing down method of the weight and kinematics quan-
tities or Lagrange’s equation of motion of second kind,
used e.g. in [4]. Choice of the concrete method is depen-
dent on the magnitude of searched quantities of the given
mechanical system [1], [2], [9].

The basic and simultaneously the most universal me-
thod of the dynamic analysis is relaxation method. The
essence of the relaxation method is releasing of individual
bodies of the created dynamic model of the system and
the couplings between bodies are replaced by reaction
forces as is used in the article [6]. Equations of motion
and conditional equations are written for every released
body. Conditional equations express the dependencies

Tab. 1 Input values

between kinematic and force quantities.

[ +

Fig. 1 The crank mechanism

crankshaft length

r 0.05

connecting rod length

/ 0.134

crank angle

0=+2m rad

crankshaft rpm

2500 ot.min

-1

angular speed

261.7994 rad.s’!

force on piston

2300

mass of the crank

0.9

mass of the connecting rod

0.94 kg

mass of the piston

0.04 kg

mass of the connecting rod in point A,2

0.638358

mass of the connecting rod in point B,2

0.301642 kg

mass of the connecting rod in point A,3

0.305449 kg

mass of the connecting rod in point B,3

0.144333

mass of the connecting rod in point T,3

0.490217 kg

moment of inertia of the connecting rod

0.00176 kg.m

complementary moment of inertia of the connecting rod

-0.00192 kg.m
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The aim of our dynamic analysis is determining of
magnitude of the moment transmitted on crankshaft @) of
the centric crank mechanism and the couplings reactions
depending up the position of the crankshaft. Analyses are
carried for three manners of modelling of the connecting
rod. In the first case the connecting rod is modelled as a
solid body, in the second case this one is substituted by
two mass points and in the third case the connecting rod
is modelled by three mass points. Results of all the said
manners of modelling are compared.

The crankshaft rotates with uniform angular speed @»:
and on the piston acts the constant force F from gas pres-
sure. The mass’s weights and friction forces are neglec-
ted. The input values of geometric and mass magnitudes
are listed in the Tab. 1.

2 Dynamic analysis

/=134 mm, mass of the connecting rod m = 0.94 kg, hole
diameter for a pin d =22 mm, hole diameter for a crank
D=52mm, calculated values are: /=91 mm,
It =0.00176 kg.m?.

2.1 Dynamic analysis — the connecting rod is mo-
delled as a solid body (version 1)

A free-body diagram for released piston @ from Fig.
1 is in the Fig. 2. The motion equation of the piston is

mya, =F—B;,, . (1)

Because the piston acceleration in x direction is zero,
instead the motion equation it is the dependence

N14 - Bs4x =0. (2)

The connecting rod 3 in Fig. 1 executes a general
motion. Motion equations of connecting rod are

Moment of mass inertia /r and position /> of centroid m.a - B. -4 3)
of the used connecting rod are determined from the repe- 3T B T8
ated measuring of the time of a physical pendulum osci- m.a —B. 4 )
llation [5]. For the given input values of the connecting 3¥T3ly 43y 23y
rod: distance of holes axises of the connecting rod
1.y, = —B43y l,sinff+B,; [,cos 5 — A23y Lsinff+ A, [ cosf, (5

where Ps1 and /13 are an angular acceleration and a mo-
ment of inertia of the connecting rod, respectively. Both
are with respect to an axis that is perpendicular to the
plane of motion of the connecting rod and passes through
connecting rod centroid 7.

X

3
Bth ! N“’

m,

|
Fig. 2 Released piston

jws)

L3y

Fig. 3 Released connecting rod (version 1)
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Fig. 4 Released crankshaft
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The crankshaft @ of Fig. 1 rotates around the fixed
axis, which passes through point O, with constant angular
velocity ani, (Fig. 4).

The moment transmitted on the crankshaft is

M = r(Am cosQ,, + A32y singz)Zl). (6)

Because the crankshaft accelerations in both directi-
ons x, y are zero, instead the motion equations there are
the dependences

lar velocity of the crankshaft @), and to formulate kine-

matic variables asi, arsiy, arniy, @y, -

In agreement with Fig. 1 the piston position s is

s =[1+r—rcosp, —Ilcosp. )
At the close of kinematic analysis the piston accelera-
tion a4 in time ¢is expressed

d’s
4, -0, =0, R a,, =?ia)zzlr(cosw21t+icos2w21t), (10)
where A = r/ [, accelerations of the gravity centre of the
Ay, =0, =0. ®) connecting rod ar3ix, at31y are
Solving of equations (1) through (8) requires to . .
execute a kinematic analyse [3] for given constant angu- Ar3p =Xp3 = _lz A @, smaw,, t, (11)
Ay, = Vps = @3 [r(cosa)21 t+Acos2m,, t)—1, A cos2am,, t] (12)

and the angular acceleration of the connecting rod 3 is

. 2 .
oy =@y =—0yASInw,, t. (13)
For solving of equations (1) through (8) it is available
the Newton’s 3rd Law, that is

B}4 = B43 > (14)

A, = A4, (15)

Solution of equations (1) through (15) was done by
numerical methods. Calculated results are visualised for
one working cycle in Fig. 7 and Fig. 8.

2.2 Dynamic analysis — connecting rod is modelled by
mass points

At solution of problems of the rigid body dynamics it
is often convenient to replace a body by system of mass
points. For such replacement at planar motion must be

nmy=m,,+mg,,

at which, according to Fig. 5, itis /=1, + L.
Masses and positions of the mass points are unambi-

guously designated by m. 2, [1, mp 2, . It means, if one of

these quantities is arbitrarily elected, the others follow

from conditional equations. Because at replacement of

the connecting rod by two mass points are elected positi-
ons of both points /1, />, the others follow from (16)
l, l,
my,=n, 79 mpg, =m37, (17)
And the moment of inertia must be compensated by
the additional moment of inertia /7,

m,, L= meg, L,

met these conditions:
e total weight of mass points must be equal to the

weight of a body,

e position of gravity centre of the system of mass
points must be the same with the gravity centre
of the body,

e the moment of inertia of the body and of the sys-
tem of mass points, to the axis passing through
the gravity centre perpendicular to plane of mo-
vement, must be the same.

Replacement of the connecting rod by two mass points
(version 2)

Position of the one mass point with mass m,» is deter-
mined by point 4 and a position of the second point with
the mass mp, is determined by point B. Conditional
equations (16) for mass points have a form

2 2
Ly =m, I +mg, 1, (16)

1, =1, _(mA,Z 112 +myg, 122): Iy —myl 1,

(18)
where /13 is the moment of inertia of the connecting rod
with respect to an axis that is perpendicular to the plane
of connecting rod motion and passes through centroid 73
of the connecting rod.

Motion equations of the connecting rod on the basis
of Fig. 5 are

m,,d, sing,, + B,;, — 4,;, =0, 19)

— My, dy —M,,d,COSP, — A23y +B43y =0,(20)

1,y = =By, LsmB—my,a,l,sinff—A,; [sinf+

€2y

+m,,a,co80, LsinfB+ A, [ cosf+m,,a,sing, [ cosf+ B, [,cosp,

[ 2 — —
at which %4 =®nl" dp=dy (021_6021t’

DA,z =m,,day, DB,z =my,dg

>

Motion equations of remaining members of the me-
chanism are unchanged.
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Fig. 5 Released connecting rod, replacement of the con-
necting rod by two mass points

Advantage of replacement of the connecting rod by
two mass points is no need to know acceleration of the
connecting rod centroid.

Replacement of the connecting rod by three mass
points (version 3)

At solution of actual cases the connecting rod is most

m,3a,SINQ, — My Ary,, + By,

often replaced by three mass points mi4 3, mp 3, mr. These
points lie on the straight line in the plane of movement.
One of these points is located in the centroid of con-
necting rod, Fig. 6.

Fig. 6 The released connecting rod, replacement of the
connecting rod by three mass points

For this case motion equations of the connecting rod
are

— 4, =0, (22)

—MpsQp— M, 3a,COSP,; — My Apy,y, + B43y - A23y =0, (23)

By LycosB—B, LsinfB—my a,l,sinf— Ay, [ sin f+

+m,ya,co80, isinf+ Ay [cosp+m, a,sing, [ cosf=0,

24

2 _ _
LA, =wsr d,=4da =w, t D,y=m,a, Dyy=my,a,
at which 4 217 ¥B 41,(021 200 A, , , . . .

The conditional equations have a form

My +myy +mp =m;, 25)
. 2 2

Iy =m0+ mp 3 L, (26)
my sl =my,l,. (27)

For given positions of mass points 4, B, and T3, see
Fig. 6, masses my 3, mp3 mr are designated from (25),
(26), (27)

1
m,, = Z—T; (28)
1
1
My, = ﬁ (29)
2
1
m, = m; — # (30)
172

Solving of the crank mechanism at every replacement
of the connecting rod by mass points requires the
knowing of the centroid position as well as the inertia mo-
ment of the connecting rod to the axis passing through the

gravity centre perpendicular to plane of motion.

Results of the solutions of the motion equations for
individual versions are magnitudes of reactions Ay, Ay, B,
B, and of the moment M transmitted on the crankshaft.
The reaction vector in point 4 is

A:Axi+ij, 31
and vector of reaction in point B is
B=Bi+B, ], (32)

where i and j are unit vectors in coordinate directions x,
y, respectively.
Magnitudes of reaction vectors are

A=A+ 4, (33)
B=\B}+B’. (34)

3 Results of Solution

For every three presented dynamical models is carried
out a numerical solving of motion equations. Results of
numerical solving of monitored quantities are visualised
for one working cycle in Fig. 7 through 15.
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Fig. 7 The course of kinematic quantities Fig. 10 The course of reaction Az, version 1, 2, 3
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Fig. 9 The course of reaction Azsx, version 1, 2, 3 Fig. 12 The course of reaction Busy, version I, 2, 3
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Fig. 13 The course of reaction Bys,, version 1, 2, 3
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Fig. 14 Magnitudes of the components and of the resul-
tant reaction in point B, version 1
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Fig. 15 The course of moment M, version 1, 2, 3

4 Conclusions

Figures 9 through 15 indicate a good agreement of
calculated reactions 4, 4,, By, B, , A, B as well as of the

moment M on the crankshaft in all realised cases of mo-
delling. For practical application the connecting rod can
be modelled as a solid body, or by two mass points and
also by three mass points. At each elected model of the
connecting rod it must be known location of its centroid
and also a moment of inertia of a connecting rod to the
axis passing through the gravity centre perpendicular to
plane of movement. At modelling of connecting rod by
the solid body it must be known also the acceleration of
its centroid.

At comparing of the numeric values of monitored qu-
antities however the differences in results are evident due
to different analysis models. At comparing of the results
among individual versions the results of the solid body
model are considered to be accurate.

1. Values of the reactions 4, and B, are the same at all
used model within the whole cycle of work.

2.  Extreme values of the reaction A, are smaller by
over 0.35% at two mass points model and these ones
are larger by over 0.17% at three mass points model.

3. Extreme values of the reaction By are larger about a
5.26% at two mass points model and these ones are
smaller about a 2.51% at three mass points model.
These extreme values are at different crankshaft an-
gles. Reaction B proves the greatest displacement
in dependence on the crankshaft angle.

4.  The magnitude of the reaction 4 is mostly influen-
ced by its component A,.

5. The magnitude of the reaction B is mostly influen-
ced by its component B,.

6.  The magnitude of the reaction A4 is nearly equal at
all versions in area of whole working cycle.

7. The magnitude of the reaction B is nearly equal at
all versions in area of whole working cycle.

8.  Extreme values of the transferred moment on the
crankshaft are smaller about a 0.34% at two mass
points model and larger about a 0.16% at three mass
points model.

9. Modelling of the connecting rod by three mass
points provides the more accurate results as two
mass points model.
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